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For a tree T we write t1 and t2, t2 >t1, for the sizes of the vertex classes of T" as a bipartite
graph. It is shown that for 7" with maximum degree o(t2), the obvious lower bound for
the Ramsey number R(T,T) of max{2t; +t2,2t2} —1 is asymptotically the correct value
for R(T,T).

1. Introduction

The Ramsey number R(G,G) of a graph G is defined to be the smallest
integer n such that the following holds. In every colouring of the edges of
the complete graph K, with two colours, there exists a copy of G whose
edges are all the same colour. In this paper we study the Ramsey number
for trees T'. It is easy to see that if the sizes of the vertex classes of T as a
bipartite graph are t1 and to, where 2t1 >t9 >t1 >2, then R(T,T) > 2t1+to—1
since the following “canonical” colouring of Ko, 4+,—2 has no monochromatic
copy of T'. We just partition the vertex set into a class C of size t1 +to—1
and a class Cs of size t; — 1, colour red all edges that join a vertex in C] to
one in C9, and colour the rest blue. For the case in which 2t <t9, a similar
colouring using class sizes to — 1 and t9 — 1 shows that R(T,T)> 2ty — 1.

It has been conjectured by Burr [1] (see also [2]) that the above lower
bounds give the correct value of R(7T,T"). This has been verified for vari-
ous special types of trees ([3], [4]; see also [7]), but Grossman, Harary and
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Klawe [5] proved that in general the conjecture is not true: for some “double-
star” S the Ramsey number R(S,S) is by one (!) larger than its anticipated
value. However, it is still possible that, although the lower bounds obtained
by the canonical colourings do not give the correct value of R(T,T), they
approximate it very closely. Our main result states that this is indeed the
case for each tree T" with moderate maximum degree.

Theorem 1. Let >0 be given. Then there exist N = N(n) and 6 =J(n)
such that the following holds. For every t| <ty € Z with to > N, and every
tree T' with bipartition V1 (T)UVa(T'), where |V (T)| =t1, |Va(T')| =ta, and
with maximum degree A(T)<dts, we have the following.

() If 2t, >ty then R(T,T) < (1+n)(2t +12),
(i) If 2t; <ty then R(T,T)<(1+n)(2ts).

2. The idea of the proof

The proof of Theorem 1 is based on Szemeredi’s Regularity Lemma which
states that for any two-colouring of the complete graph K, one can partition
its vertices into a moderate number of equal sets, Uy, ...,Us, |Ui|=...=|Us|=
7, in such a way that almost all of the pairs (U;,U;) are “regular”, i.e., edges
of each of the colour classes are “uniformly” distributed between U; and U;.
It can also be shown that the bipartite graph induced in one colour by such
a regular pair (U;,U;) which is dense enough contains all small trees. This
fact suggests the following strategy for finding a monochromatic copy of a
tree T' in a two-coloured complete graph K, (see also [6], where a similar
approach has been used):

e apply the Regularity Lemma to the two-coloured graph K,
e choose one of the colours, say blue, such that the graph contains a rich
configuration of blue regular pairs,

e divide T into a small subtrees 11,...,1},
e embed trees T1,...,T; one by one into blue subgraphs induced by regular
pairs.

The above method of embedding the tree T piece by piece works nicely
for trees T that have very small maximum degree, say, not larger than n°().
However, if we allow vertices of T" to have larger degrees, then the argument
becomes more complicated, because, roughly speaking, in order to keep the
number of trees ¢ small, the trees T1,...,T; must be “tightly packed” in
T. More precisely, denote by (V1(T'),Va(T)) the bipartition of 7" and for
0=1,...,t,1let (Vi(T}),Va(Ty)), where Vi(Ty) CVi(T), denote the bipartition
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of Ty. Then, typically, a decomposition T1,...,T, of T has the following
property: once we decide to embed Ty into a regular pair (U;,U;) such that
vertices from Vj(Ty) are mapped into U;, for every other tree Tp» embedded
into (U;,U;) we have to map vertices from Vi (Tp~) into U; as well, i.e., each
embedding of trees T7,...,7Ty into regular pairs must preserve the ordering
of the bipartition classes. Hence, if a = |Vo(T)|/|V1(T)| > 1, and for each
tree Ty we have, say, |Va(Ty)|/|Vi(Ty)| > (14+«)/2, then the procedure which
packs trees T1,...,T}, into regular pairs (U;,Uj), where, recall, |U;| = |Uj|,
is not very effective. Indeed, all vertices from the larger classes Vo(Ty) will
be mapped into just one of the sets U; and Uj, say, U;, leaving out a fair
proportion of the “dropout” vertices of U;; the edges joining these leftover
vertices with U; will remain unused during the embedding procedure. Thus,
we use some results on real-valued functions defined on edges of two-coloured
graphs, to replace the partition obtained from the Regularity Lemma by
a “non-balanced” partition with partition classes of different sizes which,
furthermore, contains a certain special configuration in one of the colours.
The structure of the paper is the following. In the next section we recall
the notion of the regular pair and the Regularity Lemma and, most impor-
tantly, state without proof the result on the existence of a special class of
non-balanced partitions in two-coloured complete graphs, which is the key
ingredient of our argument (Theorem 3). Then, we describe a partition pro-
cedure which cuts 7" into small trees 77, ...,7T; (Theorem 4), and deduce from
Theorems 3 and 4 the main result of the paper, Theorem 1. The last three
sections of the article are devoted to the proof of Theorem 3. Thus, in Sec-
tion 6, we introduce a special class of weighted functions on digraphs, and
study a special type of a partition of the vertices of a digraph on which such
a function is defined (Theorem 8). Then, we use this function to prove The-
orem 10 on real-valued functions defined on two-coloured very dense graphs.
Finally, in the last section, we show that Theorem 10 implies Theorem 3.

3. Regular pairs and the Regularity Lemma

Let a graph G with n vertices be fixed. For Uy, Uy CV =V (G) with UjNUs =
0, we write E(Uy,Us) = Eq(Uy,Us) for the set of edges of G that have one
end in U; and the other in Uy, and G[U;,Us| for the subgraph of G with
vertex set U3 UUs and edge set Eg(Uy,Us). The density d(Uy,Us) of the pair
(U1,Uy) is defined by

d(Ur,Uz) = [E(Uy, U)|/|U1]|Ua] -
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Suppose € >0. We say that a pair (Uy,Us) is e-reqular for G if for all U] C Uy,
U, C U,y with |Uj|>€|U;| and |Uj| > €|Us|, we have

(UL, US) — d(U, Us)| < e.

Note that if (Uy,Us) is an e-regular pair for some 0 <e<1/2, and W; CU;,
|W;| > B|U;| for i =1,2, and some (> 0, then the pair (W7, Ws) is (¢/05)-
regular. Notice also that if we colour the edges of the complete graph by two
colours, blue and red, then a pair (Uy,Us) is e-regular in the blue graph if
and only if it is e-regular in the red graph.

We say that a partition IT = (U;)§ of V = V(G) is (e,s)-equitable
if |Uy| < en, and |Uj| = ... =|Us|. Then, the well-known Szemerédi Regu-
larity Lemma [8] can be stated as follows.

Lemma 2. Let a real number € >0 and a positive integer sg be given. Then
there exists a constant Sy = So(€,s0) > so such that for any graph G there
exists an (€, s)-equitable partition II = (U;){ of the set of vertices of G, such
that so<s<Sy, and all but at most €(3) pairs (U;,U;) with 1<i<j<s are
e-regular. ]

Finally, we state a result on the existence of certain non-balanced par-
titions in a two-coloured complete graph. This theorem is crucial for our
considerations; unfortunately, its proof is long and complicated so we post-
pone it until Sections 6-8.

Theorem 3. Let e>0 and «, 1 <a <2, be given. Then there exist ny=ng(¢)
and ko=VFko(e) such that the following holds for every n>ny.

In every two-colouring of the edges of K,,, there exists a monochromatic
subgraph H, with the following properties:

(i) V(Hy) is a union of disjoint sets YoUUY_; X;UUY_, Y; where k <k,

(ii) \Xi]—n for 1<i<k and |Y;| = [an] for 0<i<k, Where n>(1—e)(2+
) in/k,

(iii) (Yo,X;) is e-regular of density at least 1/3 for 1 <i<k,

(iv) (X;,Y;) is e-regular of density at least 1/3 for 1<i<k.

4. Tree partitions

We say that a tree T' is a rooted tree if it has a distinguished vertex r(T),
the root of T'. In general for a bipartite graph G we shall write V;(G) and
V52(@) for the bipartition classes of G. Also for a general graph G and vertex
veV(G) we use I'(v) to denote the neighbourhood of v in G.
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Theorem 4. Let a positive integer s >4 and a tree T be given. Then there
exist rooted subtrees T1,...,T, of T' with the following properties.

(i) T:Uzqlei’

(i) s/2<|V(T;)|<s for each 2<i<g,

(i) |V(Th)|<s,

(iv) for 2<i<q we have that V(T;)NU;; V(T;)={r(Ti)}.

Proof. Let s and T be given as in the statement of the lemma. We shall
define subtrees S; one by one, and in the end re-label them 7; such that
Properties (iii) and (iv) are satisfied.

Suppose trees S7....59;_1 have been defined such that the following con-
ditions are satisfied:

(a) the tree T" induced by
V)N [(VS) \A{r(S)H) U ... U (V(Siz1) \ {r(Si—1)})]

has at least one edge,

(b) s/2<|V(S;)|<s for each S;, 1<j<i—1,

(c) 7(Si—1) is a vertex of T”, and for 1<j<i—2,if V/(S;)NV(T") #( then
V(S;) V(T ={r(S))}-

We now describe how to construct S;. Let 2o be any vertex of 7" and
consider T” to be rooted at zg. For a vertex x of T" we denote by T"(x)
the subtree of T" induced by x together with all vertices whose path to zg
contains x. Also we write L;(T") for the set of vertices of T that are at
distance i from z in T".

Now, if [V (T")| <s, then we set S; =S, =T", choose as r(S;) =y any vertex
of V(T"), and stop. Otherwise there is a sequence xq, x1,...,2;, of vertices
such that z; € Ly(T") and [V(T'(z)| > 5, but [V(T'(y))] < s for every
YEY =Ly 1 (T')N I (zy,). If any element y of YV satisfies |V (T"(y))| > s/2,
then we let S; =T'(y) and 7(S;) = y. Otherwise let U CY be any subset
such that |U,cy V(T"(w))| <s, but [V(T"(y)) UUyuer V(T'(u))| > s for some
y€Y \U. Then we take S;={zy} UU,cpT"(u) and r(S;) =x,,, which is a
tree satisfying s/2<|V(S;)| <s as required.

We now note that unless i = ¢, Properties (a)—(c) are still satisfied for
S1,...,5; by construction. If i=¢ then (a) and (c) are satisfied, |V (S,)|<s
and the construction is complete. This completes the initial definition of
Si,...,85.

Now we show that S1,...,5, can berelabelled T1,...,7T; so that conditions
(i)—(iv) are satisfied. Note that (i) and (ii) are satisfied by (a) and (b). We
know by (c) that |V(S;)NV(S;)| <1 for all i# 4, and if [V (S;) NV (S;)|=1
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and j >, then the common vertex is the root of S;. We construct a directed
graph D with vertex set Si,..., S, where (5;,5;) is an arc if and only if (S;)
is a vertex of S; and j >4 is the smallest index such that this is true. By (c),
each S;, i <q, has precisely one arc (S;,5;) leaving it. Therefore relabelling
Sy as T1, its k; in-neighbours as T5,...,T}, +1, the k2 in-neighbours of these
by Tky+2,- -+ Tky+ko+1, and so on, guarantees that Properties (iii) and (iv)
hold. |

5. Proof of Theorem 1

Proof of Theorem 1. Let >0 be given. Let e=min{107%, (1/200)2}, let
no(€) and ko = ko(€) be defined as in Theorem 3, and let § = €2/100k3 and
N =max{ng(e),24ko/€*}. Let T be a tree with t; =|V1(T)| and to=|Va(T)|,
where t; <to and to > N, and suppose that 7" has maximum degree at most
dta.

First we note that Part (2) of the theorem follows from Part (1) applied
with parameter 7/2. To see this, note that if 2¢; <ty then T is a subtree
of another tree T with |V,(T")| =ty and |V1(T")| = [t2/2], with maximum
degree at most dty. Therefore R(T,T) < R(T',T') < (14+1n/2)(2ta+1) <
(14n)2ty by Part (1). Therefore we may assume that 2¢; >to.

Let a=ty/t1, so we have 1<a <2, and let n=|(147)(14+2/a)t2]. Then
note that n>ng(e), so that Theorem 3 can be applied to K,, with parameter
e. Note also that

(1) to < an/(a+2).

We shall show that every 2-colouring of the edges of K, contains a monochro-
matic copy of T'. Our strategy will be to cut T into small subtrees using
Theorem 4, and embed them one-by-one into the monochromatic subgraph
H, of K,, whose existence is guaranteed by Theorem 3.

Let H,, k<ko(€), and n be as in Theorem 3 applied to K,, with parameter
€, so in particular

(1—¢€)n

2) nz (2+ a)k.
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We apply Theorem 4 to T' with s= |en| to obtain subtrees T7,...,T,. Then,
from Theorem 4(ii) and (1), we have

11 + 1o t1 + to 2amn
< 1 <3 <3
q_s/2—1+ s (a+2)s
(3) 20 k(o +2) _  Gki _ 12k

a+2 (1—¢s — (1—c¢)|en] €

Our embedding will place each subtree (except possibly for a few of its
vertices) into one of the regular pairs (X;,Y;) of the graph H,,. Our first step
therefore is to decide in advance into which pair each subtree T; should be
embedded, so that they will all fit into the available space. Our embedding
will succeed in placing each subtree into the correct pair, except for a few
subtrees which we shall call exceptional. To accommodate these exceptional
subtrees we shall also reserve kj =100k pairs (X;,Y;) before beginning the
embedding. Below we use the notation [¢]={1,...,q¢}.

Lemma 5. There exists a function v:[q] — {k1+1,...,k} such that for each
i€{ki+1,...,k} we have

(4) > V()| < (1 - 100¢)7
Ly (8)=1
and
(5) > Va(Ty)| < (1 = 100€)ait.
Ly (0)=1

Proof. Let AC|[q] and v: A—{k1+1,...,k} be such that:

(a) for each i€ {k1+1,...,k} both inequalities (4) and (5) hold,

(b) there are no A" and v/ : A" — {ky +1,...,k} with |A’| > |A| for which
property (a) holds,

(c) A and « minimize the value of the function

k 2
o= 3 (X mml) T owim)) -
i=k1+1" iy (0)=i Ly (0)=i

over all pairs (A”,+") which fulfill (a) and (b).

Thus, it is enough to show that A=g|. Suppose that it is not the case.
Note first that then, for every i€ {k1+1,...,k}, we must have either

(6) > Va(Ty)| > (1 — 101e)m,
Ly (0)=i
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(7) > Va(Ty)| > (1 - 101e)ai.
Ly (8)=1
Indeed, since |V (Ty)| <en for every ¢ € A, if both above inequalities would
fail for some ig € {k1+1,...,k} one could extend the domain A of vy to A’ by
choosing any qo € [¢]\ A and putting v(qo) =10, contradicting the choice of A.
Furthermore, using (3) and the definition of N we find

q
STIVA(TY)| < t1+q <ty +12k/e < (1 + e)ty.
(=1

Therefore from (2) and the definition of n, and the fact that n>100,/e and
€<1075, we infer that there exists i; € {k1 +1,...,k} such that

ti(1 + ¢) 1+ 2 n
N é:%:_n Vil S 3% S Ao Tn s ek
< (1 = 504/,

i.e., for iy, from (6) and (7) the inequality (6) is true. Similarly, for some
ise{k1+1,...,k}, we must have

9) S Va(Ty)l < (1 - 50Ve)ad,
Ly (€)=i2

and so for 79 (7) holds.
One can use (7) and (8) to find a family of trees Tj,..., T, such that for
every t=1,...,r we have v({}) =11,

(10) [Va(Ty)l/ Vi (Ty)| = (1 +10Ve)er,
and .
(11) (10ve — e)an <Y |Va(Ty)| < 10v/eain.
t=1
Again, by the analogous argument, there is a family of trees Ly, Ty
such that for every t=1,...,s we have v(¢])=io,
(12) [Va(Top)l/ Vi (Tyy)| < (1 = 10Ve)ar,
and

(13) 10V - 9n < Y. (Tiy)] < 10y,
t=1
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Now we replace v: A—{ki+1,...,k} by ¥: A—{ki+1,...,k} by swapping
the above families of trees, i.e., by setting 7(¢}) = i, for t =1,...,r, and
¥(¢)) =1y, for all t=1,...,s. Observe that for such ¥ the inequalities (4) and
(5) hold. Indeed, for i=1i;, the inequalities (8) and (13) give

> (T)| < (1 —50/€)it 4 10y/en < (1 — 100€)i .
0y (0)=11
On the other hand, from (11), (12) and (13) we get

Y Va(Ty)| < (1= 1006)an = [Va(Ty)|
Ly (0)=11 t=1

S
+(1 =10V )a Y [Vi(Ty)| < (1 —100€)ad .
t=1
One can easily verify (4) and (5) for i=is in a similar way.
Now, to complete the proof, it is enough to observe that f (7, 4) < f(v,A),
contradicting the choice of v and A. |

Our next step is to prepare the subgraph H,. Recall from Theorem 4 that
each subtree T; may contain vertices that are roots of subtrees T; where j > .
When embedding T; we need to ensure that these roots of “future” 7T}’s are
embedded into vertices of H, that have lots of neighbours that have not yet
been used in the embedding. Therefore we will select special subsets R; of
X, for each i, and a special subset Ry of Yy, into which these roots can be
embedded. In what follows, for a vertex x and a set of vertices S we shall
denote by dg(z) the quantity [I'(x)NS|.

First we partition off a subset R from each X, of size [22en].

Now, by Theorem 3(iii), for each i € [k1] there are at most ean vertices
y €Yy such that dp (y) < (1/3—¢€)|R;]. Therefore the number of pairs (y,7)
with y €Y and i € [k1] such that dp/ (y) <(1/3—¢€)|R}| is at most kjean. Let
us say that such a y is bad for 7. Therefore the number of vertices in Yy that
are bad for at least 2ek; different values of i € [k1] is at most |Yp|/2. We may
therefore choose a set Ry CY) of size at least |Yp|/2 such that every vertex
of Ry is bad for at most 2¢ek; values of i € [kq].

Now for each i € [k] we let R; C R. be a set of size [21en]| such that for
each = € R; we have
(14) Ao (@) = (1/3 = | Ryl.

Again this is possible by Theorem 3(iii). We also let B; = X;\ R;. Then note
that, in particular, for each y € Ry and at least (1—2¢)k; different values of
i€ [k1] we have

(15) dr,(y) > (1/3 — €)|R;| — en > ben.
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This completes the preparation of H,,.

Next we describe the general embedding procedure. We assume that we
have already embedded subtrees T7,...,T._1 into H,. We let Q¢ denote the
set of roots (7T, ) of subtrees T, such that r(7},) is a vertex of T1U...UT._1.
Then we also assume that we have assigned an index ((m) for each m
with r(T},) € QF, so if 1 < ¢ < ¢ the number of indices we have assigned is
greater than the number of subtrees we have embedded. If c=1 then we let
B(1)=~(1). In particular, we have assigned the index (3(c) to c. We think of
the statement 3(m)=j as meaning “space for T}, has been reserved in the
pair (B;,Y;)”, and when it comes time to embed the subtree T}, we shall
embed it in (X3 (), Y3(m)). Below for each ¢, 1 </<c—1, we denote by @
the embedding of T3 U...UTy_;. For a subset S of vertices we write S¢ for
S\ ¢! (TyU...UT,_;), the subset of S which has not yet been used by ¢‘. As
above, we let Q° denote the set of 7(T},) such that r(T,) €V (TyU...UT, 1),
and let ¢() =|Q"| (so c<q¥ <q).

We assume that for each ¢, 1 </¢<¢, the embedding ¢¢ of T U...UTy_y
has the following properties.

(A) Each root in Q¢ is embedded into a vertex of RoUUY_, R;. In par-
ticular, the root r(T,) of T, is embedded into a vertex r.€ RoUUr_; R;. (If
c¢=1 we just embed r(7}) into any vertex of Ry if r(T1) € Va(T), or into any
vertex of Ry if r(T1) e Vi(T).)

(B) For each m such that r(7,,) € Q°NVa(T') we have

dRB(m)(¢C(T(Tm))) > ben .

In particular, dg,, (re) > 5en.
(C) We have
RG] > [Ro| — (¢ = 1)t2 — ¢
We find from (1), (2), (3), and the definition of ¢ that

12k €2 24 ets
— 1)ty — q© Sty + 1 240t D P it
(¢ = 1)dta = ¢ < qdt2 + 1) < 20t < 27¢ 100k2 = 100k

(16) _ e 2Acan _ 96en
100k(a + 2) = 100(1 — €) 100

< €en,

which implies that
(17) |RG| > |Ro| — en.

(D) For each i, 1<i<k, we have

|RS| > |R;| — (c — 1)8ty — ¢
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where from (16) we find
(18) |R;| > |R;i| — en > 20en

for each 7, 1<i<k.
(E) For £ <c— 1, the subtree T, is embedded such that V(T;)\ Q" is
embedded into X; UY;U Ry, where j=(({) is the index assigned to ¢. Also
e all neighbours of 7(7;) in V(T})\ Q! are embedded into Rf if r(T) €
Vi(Ty), and into R if r(Ty) € Va(Ty),
e the remaining vertices of V;(T;)\ Q"' are embedded into Bf, and the
remainder of V5(7;)\ Q“*" into Yf .

(F) For all but at most 4e¢'®) values of m, where (T},) € Q°, the index
B(m) assigned to m is equal to y(m) (see Lemma 5). If this happens we call
T, normal, otherwise it is ezceptional. If T,, is exceptional then G(m) € [k1].
We let £ C Q¢ denote the set of r(T,) € Q° for which T}, is exceptional.

(G) For each i, the amount of space reserved in B; is less than | B;|—79¢n
and the amount reserved in Yj is less than |Y;|—79en. More formally, we have

UA(T) : 1(Tm) € Q7 B(m) = i}| < |Bi| - T9ei,
and
UtVa(T) : 7(T) € @, B(m) = i} < ¥ - T9e.

In particular, this implies that |Bf|>79en and |Y;¢| > 79en.
To show that Ti. can be embedded into the available part of (Xg(c), Y3(c))s
we first need the following.

Lemma 6. Let j=((c) (see (E)). Then there exist subsets B; C BS, Y; C Y,
Rj CR?, and Ry C R§ such that

(i) for ye RyUY; we have dp,(y) = en and dp (y) = €n,

(ii) for € R;UB; we have dg (x) = (1/3—Te)|Ro| = ean and dy, (x) = eait,
(iii) |Ro|>|Ro|—3ean>(1/2—3¢)an,

(iv) if rc€ Ry we have d (rc) = en.

Proof. We begin by defining the sets B;,Y;, R;, and Ry. By Theorem 3(iii)
we know there exists a set B; C Bf with

(19) |Bj| > |Bf| — 2en > Gen,
where we use (G), such that for each z € B; we have

(20) drg(x) > (1/3 — €)| Rg
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and

(21) dye(z) = (1/3 — €)[Yf].

Also, again using (G), there exists a set Y; CYS with

(22) [Yj| > [Yf| = 2ean > 10ean

such that for each yGYJ we have

(23) dg,(y) = (1/3 = €)|Bj| = en,
where the last inequality follows from (19), and

(24) drs(9) > (1/3 — €)|E].

Now there exists a set R; C R with

(25) |Rj| > |RS| — en > 19en,

where here we use (18), such that for each x € R; we have
(26) dy, (z) = (1/3 - )|Y;| > ean,

where the last inequality follows from (22). Finally there exists a set Ry C R§
with B
(27) |Ro| > |RG| — 2ean > |Ro| — 3ean > 17ean,

where we use (17), such that for each y € Ry we have
(28) dp,(y) = (1/3 — €)|Bj| = en,
where the last inequality follows from (19), and

(29) dp,(y) = (1/3 — )| R;| = en,

where we use (27).
Now we prove the properties (i) to (iv). First we consider (i). Note that
for y € RyUYj, the fact that dp,(y) = en is given by (23) and (28). Also, if
€Y;, then by (18), (24) and (25), we find

dp,(y) = dre(y) — (I1R5| = [R;]) = (1/3 — €)|Rj| — ean > en.

Therefore this together with (29) proves (i).
Next we turn to (ii). For z € R;, we have by (14), (27), and the definition
of Ry that

dp,(z) = dry(x) = (|Ro| — | Rol)
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> (1/3 — €)|Ro| — 3ean > (1/3 — T¢)|Ry| > ean.

This together with (26) proves the assertion for z € R;.
For x € B; we have by (17), (20), and (27)

dg, () > drg(x) — (|RG| — |Rol)
> (1/3 — €)|RS| — 2eam > (1/3 — T¢)|Ro| > ear,

and by (21) and (22) and (G) we find
dy,(z) = dye(x) — (V]| = [¥;]) = (1/3 = €)|Y]| — 2ean > eai.

This completes the proof of (ii).
Part (iii) is immediate from (27). To check (iv), note that

dg, (re) > dr;(re) — (IR — [RS|) — (|R5| — |R;[) > en
by (B), (18), and (25). 1

To complete the proof, we describe how to extend the embedding ¢ and
the index assignment [ so that (A) to (G) are still satisfied.

Lemma 7. Any embedding ¢¢ and index assignment (3 which satisfy Prop-
erties (A) to (G) can be extended to an embedding ¢¢*' of T{U...UT, and
an assignment (3 of {m:r(T,,) € Q°t1\ Q°} for which Properties (A) to (G)
hold as well.

Proof. We consider two cases according to whether r. € Ry or r. € Ule R;
(see (A)). Let j=p(c).

First suppose r. € Ry. Our basic approach will be to use a greedy em-
bedding to place into Bj URj UYj the vertices of T, that are not in the set
S=(Q*\Q°)NV,(T), one vertex at a time. When we encounter a vertex v
of S, we shall define 5(¢) for all € L={¢:c<l<q,r(Ty)=v}, and we must
take special care to embed v into Ry such that (B) and (G) are satisfied for
each € L, and B(¢)=~(¢) for at least (1—4¢)|L| elements of L (see (F) and
Lemma 5).

We begin by embedding the neighbours of r(7;) in 7T, into R;. Recall
that there are at most dto < en such neighbours, so this is possible by
Lemma 6(iv). Then we complete the embedding one vertex at a time ac-
cording to the following rules.

At each step we embed a vertex v of T, which is adjacent in T, to some
vertex w we have already embedded. If v is not a root of any subtree T,,,
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we place v into B; if v € Vi(T), and into Y; if v € Vo(T). If v is a root of
some subtree T}, and v € V4(T) (so v is not in S), we place v into R;, and
we let S(m)=~(m). Lemma 6 guarantees that such a greedy embedding is
possible, since T, has at most s <en vertices.

If v€ S then w has been embedded into a vertex x € B;UR;. Let L be
as defined above. By Lemma 6(ii) we know that dg (v) > (1/3 —T7e)|Ro| >
(1/3—7¢)|Ro|. We want to choose a neighbour z of = in Ry and an index ()
for each £ € L such that if we embed v into z then the required properties
will be satisfied.

Now by Lemma 6(iii), for each ¢ € L there are at most ean vertices y of
Ry such that dr ., (y) <(1/3—€)| R ()| Proceeding with a similar argument
to the one which led to (15), we find that the number of vertices y in Ry such
that dg,, (y) <(1/3—¢€)|Ryy| for at least 4e|L| different values of £ € L is
at most |Ro|/4. Therefore since dp () > (1/3—7€)| Rol, there exists a vertex
z € I'(x) N Ry such that dr_, (2) > (1/3 —¢€)|R(n| for at least (1—4e)|L]
different values of ¢ € L. We choose this z to embed the vertex v. Recall also
by (15) that there exists a subset K C [k1] of size at least (1—2¢)k; such
that dg,(z)>ben for all ie K.

Finally we describe how the assignment [ will be extended to L. If £€ L
is such that dp_, (2) > (1/3 —€)|Ry], then we let 5(¢) = y(£), and the
corresponding tree Ty will be normal. Then note that (B) is satisfied for this
value of £, since (1/3—¢)|Ry)| > 5en. If £ is one of the at most 4¢|L| elements
of L for which dp_,, (2) <(1/3—¢€)|Ry(y)|, the tree T, will be exceptional, and
we denote the set of such ¢ by E(L), then we will have E(L) C E“t1\ E*.
We shall let 3(¢) be a carefully chosen element of K, so next we explain the
procedure by which such elements are chosen. Note that choosing 3(¢) € K
ensures that (B) will hold for each £€ E(L).

Let E(L)={{y,...,4:}, and suppose (3(¢;) has been chosen for 1 <i<b.
By (F), we know that the only subtrees T}, for which 3(m)=1 for i€ K are
the exceptional subtrees T, with r(T},) € E¢, together with {7y, :1<i<b}.
Recall from (F) that |E¢| <4eq(®), and also we know b<t <4e|L|. Therefore
since each subtree has at most en vertices, we find that the total number of
vertices in J;c i B; that have been reserved so far is at most

(4eq'®) + b)en < 4€%qn < 48¢kn,

where we use (3). This implies that the number f of values of i € K for which
more than | B;|—80en space is reserved in B; satisfies (| B;|—80en) f <48ekn, so
since | B;| > (1-21¢)7 for each i and e < 1075, we find f < (487 /(1-101€)7)ek <
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49¢k. Therefore there are at least
| K| — 49¢k > (1 — 2¢)100ek — 49¢k > 50¢k > |K|/2

values of i€ K such that B; has at least 80en unreserved vertices. Similarly
there are more than 50ek > |K|/2 values of ¢ € K for which Y; has at least
80en unreserved vertices. Therefore there exists j € K such that there are
at least 80en unreserved vertices in each of Bj and Y;. We set B(€p11) =7.
Doing this for each element of F(L) completes the assignment on L. This
then completes the extension of ¢¢ and (.

For the second case let us suppose that r. € R; for some i. Then by (14)
and Lemma 6(iii) we find that

dp,(re) > (1/3 — €)|Ro| — 3ean > ean .

Therefore the neighbours of r. in 7, can be embedded into Ry. We then
embed the rest of T, into Bj UYj URj U Ry, and extend the assignment [3,
following the same rules as in the previous case.

Finally we check that Properties (A) through (G) are satisfied with the
above definitions. Properties (A) and (E) hold by construction, and (F)
follows from our rules for embedding roots in Q*1\Q¢. We noted already in
the above description that (B) holds. To see (C), note that the only vertices
that are embedded into Ry in this construction are roots in Q°*1\ Q¢, of
which there are ¢(“t) —¢(©) or (if r.€ U, R;) neighbours of 7(T,) in T., of
which there are at most dte. Therefore (C) is satisfied. Property (D) holds
for a similar reason. Finally, for i € {k; +1,...,k} we have that (G) follows
from Lemma 5, since we have reserved space in (B;,Y;) only for those trees
T, for which S(m)=~(m). For i€ [ki], Property (G) holds by our choice of
B(¢) for L€ L. |

Now Theorem 1 follows from Lemmas 6 and 7. |

6. Node restricted weight functions

In this section we introduce a special class of functions defined on arcs of
a digraph, which we shall use in Section 8 to replace Szemerédi’s partition
of the two-coloured complete graph by another “non-balanced” partition in
which sets are of different sizes.

Let a, 1< <2, be a fixed real number (later we set a=|V5|/|V1]|, where
(V1,V3) is the bipartition of the tree T we are to embed in the two-coloured
complete graph) and let G = (V,E) be a digraph. For a vertex v € V', by



302 P. E. HAXELL, T. LUCZAK, P. W. TINGLEY

D~ (v) we denote the set of all arcs of G which have heads v; similarly,
DT (v) stands for the set of all arcs leaving the vertex v. A non-negative
function f: E — R is a node restricted weight function, or simply weight
function on G, if for all €V (G) we have

(30) > f@+r Y fles<t.

eeD—(x) e€DT(z)

The set of all weight functions defined on G = (V, E) is denoted by F =

—

F(G). For each feF, xeV, we put
wi(z, f)= Y fle) and w¥(z,f)= Y f(e)/e

ecD~(x) e€D*(z)

We set also w(z,f) = w™ (2, f) +w(x, f) and w(f) = X .cp f(e). Thus,
the condition (30) can be written as w(z,f) < 1. Finally, for U C V| let
w(Uaf):Zmer(xaf)

In the following sections we try to maximize the value of w(f) for some
special class of digraphs. Note that one can view F as a subset of RIZl, which
is non-empty (since 0 € F), bounded (since it is contained in [0,a]/®!), and
closed. Hence w(f), being a continuous function of the coordinates, defined
on a compact subset of euclidean space, must attain its maximum in at least
one point. Thus, let

Wimax = max{w(f): f € F},
and =
Fmax = fmax(G) = {f eF: w(f) = wmax}'

Note that both F and F.x are non-empty convex subsets of R_[E .
The main result of this section states that in every digraph G the family
Fmax 1s related to a certain partition of its vertices.

Theorem 8. Let G= (V,E) be a digraph and

A={a €V :w(a,f) <1 for some f € Frpax}
B={beV:bacE for someac A}
C=V\(AUB).

Then the following hold.

(1) G contains no arcs vy € E with x € AUC and y € A. In particular,
ANB=0.
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(i) For every b € B and f € Fmax we have wt(b,f) = 1. In particular,
w(B, f)=|B|.

(iii) Ifbx € E, be B and for some f € Fiax we have f(bx)>0, then z € A.

(iv) For all ¢ € C and every f € Fmax we have w(c, f) = 1. Equivalently,
w(C, f)=1C].

(v) [B|<wmax/cv.

(i) [C1< (1+1/0)tmas — (1+0) B,

(vii) |B|+|C|<(141/a)wmax-

(viii) |A]>|V]—(141/a)wmax-

Proof. Note first that if zy € F, y€ A, and x € V'\ A, then z € B, and so
there are no arcs coming from C' to A. Now suppose that there is ajas € E
such that aj,as € A. Then, for i = 1,2, there exists f; € Fnax such that
w(ag, fi) <1. Let f=(f1+f2)/2. Since Fiax is convex, f € Finax; furthermore,
d=1-max{w(ay, f),w(az, f)} >0. But then we can increase the weight of the
arc ajaz by /2, obtaining a new f’€ F with w(f")>w(f), which contradicts
the fact that f & Fpax. Thus, (i) holds.

In order to show (ii) assume that w* (b, f1) <1 for some b€ B and f; €
Fmax- By the definition of B there exist a € A and fs € Fiax such that ba € B
and w(a, fo) <1. Let f=(f1+f2)/2. Then f € Fax, max{w(a, f),wt (b, )} <
1, and, by the definition of A and B, w(b, f)=1. Let § be a positive constant
defined as

¢ = min{(1 —w(a, f))/a, (1 —w" (b, f)} Sw (b, f).

Construct a new f' € F from f by subtracting § from the weights of edges
from D~ (b) and adding ad to f(ba). Then w(f’) > w(f), contradicting the
choice of f € Frax.

Now let be B, bx € E, and f1(bx) >0 for some fi € Fiyax. Then from the
definition of A and B we infer that for some a € A and f5 € Fiuax We have
ba€ E and w(a, f2) <1.Set f=(fi1+f2)/2 and 6 =min{ f(bz),1—w(a, f)} >0.
Build a new f’ from f € Fax by setting f'(ba) = f(ba)+6/2 and f'(bx) =
f(bx)—48/2. Then, clearly, f’€ Fiax and w(z, f’)<1. Hence x € A.

To see (iv) notice that from the definition of A, for all x€V'\ A and all
f € Fnax we have w(z, f)=1.

Let f € Fax- Note that (i) and (iii) imply that the set E’ of all arcs e€ F
such that f(e)>0 can be divided into three parts: the set E7, which consists
of all arcs which go from B to A, the set F which contains all arcs joining
A to C, and FEj3 of the arcs with both ends in C. Observe also that if an arc
e belongs to Fy, then its weight contributes f(e)/a to w(B, f) and nothing
to w(C), if e € Eq, then it increases w(C, f) by f(e) and leaves w(B, f)
unchanged, and, finally, each e from FE3 adds (14+1/a)f(e) to w(C, f) and
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does not affect the value of w(B, f). Thus, each arc e from FE’, either adds
f(e)/a to w(B, f) and nothing to w(C, f), or adds at most (1+1/c)f(e) to
w(C, f) and nothing to w(B, f). Consequently,

aw(B, J) + 75w w(C.f) < 3 () = tinax,
eckE’

and, since by (ii) and (iv) we have w(B, f)=|B| and w(C, f)=|C/|,
a(l+ a)|B|+ a|C| < (1 4 a)wpax -

The above inequality immediately gives (v) and (vi), and (vii) is a
straightforward consequence of (vi) and the fact that o> 1. Note also that

alBUC|=a|B]+|C|) <a(l+ a)|B|+ o|C| < (1 + @)wWmnax -
Hence, since AUBUC is a partition of V|
Al = [V[ = |BUC| =z V| = (1 4+ 1/a)wmax ,

which completes the proof of Theorem 8. ]

Let supp(f)={e€ E: f(e) #0}. We show that there exists f € Fipax for
which |supp(f)]| is not too large.

Lemma 9. For every G=(V,E) there exists f € Fax such that |supp(f)|<
2|lV|—-2.

Proof. Let é(V, E) be a digraph and let f be a function from Fi,.x for

—

which |supp(f)| is minimized. Consider the auxiliary bipartite graph H(G)
obtained from G by replacing each vertex x by two vertices ' and z”, and
each arc zy from supp(f) by an edge joining &’ and y” in H(G). Suppose
that H(G) contains a cycle C, and let § = f(eg) > 0 denote the smallest
weight among all the edges which belong to C'. Since C is even, all the edges
of C can be split into two matchings. Define a new function f’ on supp(f) by
subtracting 0 from the weights of each edge from the matching containing eq
and adding J to the weights of the edges from the other matching. Note that
for every x €V we have 3-.c p+(y) f'(€) =X cep+(a) f€) and X e p- () f'(€) =
Yeen(x) f(€). Hence f' € Frax, but |[supp(f’)| < [supp(f)|, contradicting

the choice of f. Thus, H(é) contains no cycles, and, since the graph H(G)
has 2|V| vertices, |supp(f)|<2|V|—2. |
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7. Weight functions and graph colourings

In this section we use weight functions to study the structure of a two-
coloured graph which is “almost complete”, i.e., is obtained from the com-
plete graph by deleting only few edges.

Let a, 1 <« <2 be a given constant and let G = (V,E) denote a graph
whose edges were coloured by two colours, red and blue. For z €V, let ér(x)
[Gy(2)] denote the digraph with vertex set V (G, (z))=V \{z} such that yz
is an arc of G,(z) if and only if both pairs {z,y} and {y,z} are edges of
G coloured red [blue]. Our main result on weight functions on G, (z) and
Gy(x) can be stated as follows.

Theorem 10. For every «, 1 < a <2 there exists my, such that for every
m >my the following holds. Let G=(V,E) be a graph on (2+a)m+ 11m;
vertices, where 3 <mj; <m/500, such that |E|> (“2/‘) —m?, whose edges are
coloured with two colours, red and blue. Then there exist a vertex x € V,
a colour c € {r,b}, and a weight function f on G.(z), such that w(f)>am
and |supp(f)|<2|V|.

The proof of Theorem 10 is long and technical, so we split it into series
of lemmas. In all of them we shall assume that G, m, and my fulfill the
assumption of Theorem 10.

Lemma 11. Let us suppose that there are disjoint subsets X and Y of V
such that all edges in G between X and Y are coloured with the same colour,
and |X|,|Y|>m+3my+1 while | X|+|Y|=(14+«a)m-+6m;+2. Then there
exist z€V, a colour c€ {r,b}, and a weight function f, on G.(z), such that
w(fz)>am.

Proof. Let us suppose that all edges between X and Y are coloured blue.
Furthermore, we may and shall assume that |X| =m+p+3my+1 and
Y| =am—p+3my+1, for some p, 0 < p < (a—1)m. Note also, that ¥
must contain a vertex x which is adjacent to at least | X|—my vertices in X,
since otherwise at least |Y|m; >m? are missing from G, contradicting our
assumptions. Similarly, some vertex y € X has at least |Y|—my neighbours
inY.
Thus, let z,yeV, X1,Y1 CV be chosen in such a way that:

| X1[=m+p+2m,

|Yi|=am—p+2m;,

all pairs {z,z1}, where x1 € X;, are edges of G and are coloured blue,
all pairs {y,y1}, y1 €Y1, are edges of G coloured blue,
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e all edges of G between the sets X; and Y] are coloured blue.

In order to simplify slightly our argument we delete from G all blue edges
joining x with vertices outside X7 and all blue edges which join y to vertices
outside Y.

Let A;, B;, C; and Ay, By, C, denote the partitions defined by Theo-

rem 8 in the digraphs éb(x) and éb(y) respectively. Our first aim will be to
verify the following claim.

Claim 1. Let the sets X1, Y1, Ay, By, Cy, Ay, By, Cy be defined as above.

Then, either in one of the digraphs Gy(x) or Gy(y) there exists a weight
function f with w(f)>am, or the following hold:

(i) |CeNYy|>am—p+my,

(i) [CyNXi|>m~+p+my,

(ii) (14+a)|Bg|+|Ce\Y1|<(14+1/a)p,

(iv) (14+a)|By|+|Cy\ X1|<(1+1/a)((a—1)m—p),

(v) |A, ﬁXll—1—]AyﬂYll—i—](AIUAy)\(XlUYl)]>2m+m/a+10m1,
(vi) [(CzUCy)\ (X1UY7)|<m,

(vii) \(A ﬁA )\ (X1UY7)[>my.

Proof of Claim 1. Let f denote the weight function which is the arithmetic
mean of all weight functions from ]:max(Gb( )). Then, for every a€ A,, we
have w(a, f) < 1. We may assume that w(f) < am since otherwise we are
done. Furthermore, Theorem 8(vii) implies that

|Be| + 0] < (1 +1/)w(f) < (14 a)m
Hence, since A;, B, and C, form a partition of X;UY7, we have
(31) |A, N (X7 UYL)| > 4my.

Note that, by Theorem 8(v), |B,| <w(f)/a<m and, since | X1|>m+m;
and A, B, and C, form a partition of X7,

(32) |X1 N (Am U Cm)| > my.

Notice also that there are no arcs between A, UC, and A, in Gy(z) (Theo-
rem 8(i)), and so there are no blue edges of G between X;N(A4,UC;) and
A,NY7. But, from our assumption, there are no red edges between these two
sets as well. Hence, since in G at most m? edges are omitted, (32) implies
that

(33) A, NY1| < my.
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Hence, because of (31), we have also
(34) |4z, N X1 > my.

Finally, let us recall that we have removed from G all its edges which join
x to Y1, and thus B, NY;=0. Hence, since |Y1|=am—p+2m;, (a) follows
from (33) and the fact that A,, B, and C, form a partition of Y;. Clearly,
by symmetry, (b) can be verified by a similar argument.

Now we argue that

(35) Z fleier) <my.

c1€C:NX1,c0€CNY]

Indeed, suppose the above inequality does not hold. Then there are more
than my vertices in C,,NY] which are heads of arcs e € supp(f) which start
at C,. The inequality (34) and the fact that at most m? edges are missing
from G imply Ehat for some a € A,NX1, c1 € C,NX7 and ¢ € C,,NY7 we have
acg,c1¢2 € B(Gy(x)) and f(cicp) > 0. Set § = min{l —w(a, f), f(c1c2)} > 0.
Then we can subtract § from f (6102) and add it to f(ace) obtaining a new
maximum weight function f of Gb( ) with w(eq, f) < 1. This fact, however,
contradicts Theorem 8(iv). Hence, (35) holds.

Let us split all arcs from supp(f) into three groups. The set E; contains
all arcs coming from B, to A,, Fy consists of all arcs joining A, and C,,
and Ej3 contains all arcs joining vertices of C. Note that, by Theorem 8(i)
and (iii), supp(f) = E1 U Ey U E3. Furthermore, each arc e € Ey contributes
the term f( )/a to w(B,, f) and nothing to w(C’x,f) each e€ Fy adds f(e)
to w(Cy, f) and nothing to w(By, f), and the only contribution of e € Ej3 is
the term (1+1/a)f(e) added to w(Cy, f). Thus, by Theorem 8(ii),

(36) |B,| = w(By, f) = Z fle

eEEl

Similarly, Theorem 8(iv) gives

Gl =0(Co) = T fl0+ -0 T ),
(S5}

or, equivalently,

Pl g S 0= 3 0+ 3 .

(37)



308 P. E. HAXELL, T. LUCZAK, P. W. TINGLEY

Since we may assume that w(f)<am, from (36) and (37) we infer that

« 1 _
38 B C .
(38) af x|+1+a| ;p|+1+ae€ZE2f(6)<ozm
In order to estimate the sum in the above inequality, note first that from
Theorem 8(iv) it follows that w(C,NY1, f)=|CyNY1|. Furthermore, no arcs
of G(z) are contained in Y7, so all contributions to w(C,NY7, f) come from
arcs from Fs. Thus, from (35), we get

(3) 3 () > [Con Y| =
ecFEa

Combining (38) with (39), we arrive at

« « 1
B —|C, NY; —|C Y; —|C. NY;
ol Bs| + 1|0 N Y| + 751G \ V1| + 15— |C Y

40
(40) :|CIﬂY1|+a|BI\+1_?_La\Cx\Y1\<am+m1.

The above inequality, together with (a), gives (c¢). Similarly, by symmetry,
one can prove (d).
Now note that the inequalities (c¢) and (d) imply that

(41) | Be| + Byl +[Co \ V1] + |Cy \ Xi| < (@ = 1/a)m.

Moreover, each vertex v € V'\ {x,y} which does not belong to one of the
three disjoint sets A,N X1, A,NY; and A,UA,\ (X1UY1) must be contained
in at least one of the sets B, By, C;\Yi, Cy\ X;. Thus, (e) follows from
(41) and the fact that |V |=(24+a)m+11m;.

In order to prove (f) observe that, by Theorem 8(iv) and the fact that x is
not adjacent to any vertex outside X1, for each c€ C,\ X1 we have w™ (¢, f) =
1. Note also that for each arc zc € supp(f) we have x € X1 N (A, UC,); in
particular, x ¢ (C,\X1)UB,. Theorem 8(iii) implies that for each bz € supp(f)
with b € B, we have x € A,; and so again x ¢ (C, \ X7)U B,. Hence, each
arc e € supp(f) has at most one end in (C,\ X1)U B,. Moreover, if for
an arc vw from supp f we have {v,w} N B, # 0, then, by Theorem 8(ii),
v € B,. Therefore, e contributes at most f(e) to aw(By, f) +w(Cy\ X1, f).

Consequently, by Theorem 8(ii) and (iv),

a|Be| +[Co \ Xi| = aw(By, ) + w(Ca \ X1, f) < w(f) < am,
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i.e.,

o|By| +1Cp \ (X1 UY7)| +[CoNY1| < am.

Thus, using (a), we infer that, in particular,
|Cx \ (Xl UY1)| < am — |Cx ﬂY1| <p.

Similarly,
[Cy\ (X1 UN)| <am—m—p.

Hence, combining the last two inequalities we get
(CoUCy)\ (X1UY))| <am—m<m,

and (f) follows.
Finally, note that

(42) |V\({3:,y}UX1UY1)|:m+7m1—2>m+m1.

Since no vertex from V'\ ({z,y}UX;UY7) is adjacent to either  or y in blue
(we have removed all such edges from G), none of them belong to B, UB,,.
Thus, every vertex from V' \ ({z,y}UX; UY]) is contained in exactly one of
the two sets (A,NAy)\ (X1UY1) and (C,UC,)\ (X1UY7). Thus, (g) follows
from (42) and (f).

This completes the proof of Claim 1. ]

Theorem 8(i) implies that there are no arcs in Gy(z) which come from
(A, UC,) to Ay; consequently, no blue edges of G join (4, UC,)N X; and
Ay \ (X1 UY7). Similarly, there are no blue edges between (4,UC,)NY;
and Ay \ (X1UY7). Thus, all edges of G joining the sets (4, UC,;)NX; and
(A,UCy)NY7 with (A;NA,)\(X1UY7) are red. Hence, using (g) and the fact
that there are at most m? edges missing from G, we infer that there exists
a vertex z€ (A;NAy)\ (X1UY7) which is connected by red edges to all but
at most my vertices of the set [(A,UC,)NX1]U[(A,UC,)NY1].

Now let A, B, and C, be the partition of G, (z) defined as in Theorem 8.

Claim 2. If for none of the digraphs Gy(z), Gy(y), Gr(2) there exists a
weight function f with w(f)>am, then the following hold:

(a) [AzNANX | <2my,

(b) |[AyNA.NXq]<2my,

(c) |(Aq nA )\ (X UY))|<2my,
(d) [(AyNA)\ (X1UY)|<2my,
(e) |B: |<m/a

(f) |(AxUCy)NANX | <my,
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(2) 1(AyUCy)NA.NYi|<my,
(h) [[(AzUA)NAJ\ (X1 UY7)|<m;.

Proof of Claim 2. Assume that |4, N A, N X;| > 2m;. Note that, since
each vertex of X is adjacent to = and, by Theorem 8(i), no arcs of Gy(x)
are contained in A,, no blue edges of G are contained in A, N A, N X;.
Theorem 8(i) implies also that there are no red edges ajay in G such that
ai,as € A, NA, N X, and at least one of vertices a; and ao is adjacent to
z. However, z was chosen in such a way that all but at most my vertices of
A,NX; are adjacent to z in red. Hence, since |A, N A, NX1|>2m;, at least
my of the vertices of A, NA,NX; are adjacent to z. But then, clearly, G
is missing at least m? edges, contradicting the choice of G. Thus (a) holds.
Clearly, (b) can be proved by a similar argument.
Now let us suppose that

(43) (Ap N A\ (X3 UYD)| > 2y .

Using Theorem 8(i), one can argue as in the proof of (a) above that there
are no blue edges in G between the sets (4, UC,)N (A, UC,)NX; and
(ANA,)\(X1UY7), and no vertex of (A,UC, )N(A,UC,)NX7, which is connected
to z by a red edge, has red neighbours in (A, NA,)\ (X;UY7). However, by
the choice of z, all but at most my vertices from (4, UC,)N(A,UC,)NX;
are adjacent to z in red. Thus, we must have

(44) (A, UC,) N (A, UC,) N Xy| < 2my

since otherwise, more than m? edges would be missing from G. Note also
that the sets A;, By, Cy, as well as the sets A,, B,, C,, form a partition of
X1. Thus, by (44),

1B O X1| > [(Ay UCy) N X1 | — |(As UCy) N (A U Co) N X
> ‘(Ax UCI) ﬂXl‘ —2my = ‘Xl‘ — ‘BI‘ —2mq .

Since Claim 1(c) implies, in particular, that |B,|<p/a, it gives

|B,NX1| >m+p+2m; —p/a—2my >m.

—

Hence, by Theorem 8(v), there exists f, € F(G,(z)) with w(f,) > am con-
tradicting the assumption. Thus, (c) follows. The inequality (d) is, again,
the symmetric equivalent of (c).

Recall that Claim 1(e) gives

|A, N X1+ Ay N Y|+ [(Az U Ay \ (X1 UY7)| > 2m+m/a+ 10m; .
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Furthermore, because of (a), (b), (¢) and (d), fewer than 8m; of the elements
of A, belong to the sets A, NX;, A,NY7, (A UA,)\(X;1UY7). Thus, since
A,, B, and C, form a partition of V'\ {z,y,z},

(45) |B.| 4+ |Cy| > 2m + m/a.

However, Theorem 8(vi) implies that if there is no weight function f, on
G, (z) with w(f,) > am, then

(46) 1+ a)|B:|+1]C.| <1+ a)m.
Subtracting (45) from (46) we arrive at
1 1 1 m
and (e) follows.
Claim 1(c) implies, in particular, that
|Bz| +Ce N X1 < (14 1/a)p.

The sets A,, B, and C, form a partition of X7, therefore

|[Az N X1 > [ Xe| = (1 + 1/a)p
(48) >m+ 2my — p/a > m/a + 2my ,

since p<(a—1)m. Similarly,
Ay NY1[ > m/a+2my
and consequently, from (e),
(49) min{|(A; N X1)\ B.|, (A, NY1) \ B:|} > 2m; .

Theorem 8(i) and the definition of Gj(z) imply that there are no blue
edges of G between sets 4, UC, D (A,UC,)NA,NX; and A, D (A,NC,)\B..
Similarly, one can infer that G contains no red edges vw such that v €
(A, UC,)NA,NXy, we(A,UC,)\ B,, and w is a red neighbour of z. Note
also that, by the choice of z, at most m1 vertices of A,NX7 are not connected
to z by red edges; hence, by (49), at least my vertices from (A,NX1)\ B, are
red neighbours of z. Consequently, |(A,UC,)NA,NX1|<mq, since otherwise
at least m? would be missing from G, and so (f) follows. Its counterpart (g)
can be shown in a similar way.
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Finally, notice that, arguing as before, one can infer that there is no edge
e of G joining (A;NX1)\B; and (A;NA,)\(X1UY1), or joining (A,NY7)\ B,
and (AyNA;)\ (X1UY)), such that the end of e which belongs to either
(AzNX1)\B; or (A,NY7)\B; is a red neighbour of z. Furthermore, by (49),
and the choice of z, at least my vertices from each of the sets (4, NX1)\ B,
and (A,NY1)\B, are adjacent to z. Therefore, (h) must hold, since otherwise
G would be missing m? edges.

This completes the proof of Claim 2. ]

In order to complete the proof of Lemma 11, note that, by Claim 2(f),
(g) and (h), fewer than 5m; elements from A, belong to one of the sets
(A, UC)N Xy, (A UCy)NY7, and (A, UAy)\ (X1UY7). Furthermore, every
vertex from V\{xz,y, 2} is either in one of the sets (A,UC;)NX1, (4,UC,)NY7,
(AgUAY)\ (X1UY7), or in one of By, By, (C,NCy)\ (X1UY7). Hence,

(50) |A.| < |Bg| + |By| + [(CoNCy) \ (X1 UY1)| + 5my .
Notice also that
(Cr N C) N\ (X1 UYL < mindCo \ Vi, €y \ X1}

(ICz \ 1| +[C,y \Xl\)<1—(|C \ Y[ +[Cy \ Xa).

l\DlP—‘

Thus, using Claim 1(c) and (d), we get
| Be| + By + [(Cz N Cy) \ (X1 U Y1)
(14 a)[Be| +|Ca \ V[ + (1 + )| By[ + |Cy \ Xa]
<(a—=1)m<m.

<

e
1+«
Hence, (50) gives |A.| <m+5m;. But then

(14 a)[B:| +|Ce| > |B| +[Co| > [V =3 = [A:] > (1 + )m

and, by Theorem 8(vii), there exists a weight function f, on G, (z) such that
w(f,z)>am. This completes the proof of Lemma 11. |

Lemma 12. Let X and Y be two disjoint subsets of V, each containing
m+3my vertices, and let ve V' \ (X UY') be a vertex adjacent to all vertices
from X UY, such that all edges between v and X UY are coloured with the
same colour, say, blue. If all edges of G between X and Y are also coloured
blue, then there exists z€ V, a colour c€ {r,b}, and f. € F(G.(z)), such that
w(f.)>am.
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Proof. Let us suppose that v, X and Y fulfill the assumptions of the lemma.
Let f be a weight function in Gp(v) of maximum weight, and A, B, and C
be set defined as in Theorem 8. Assume also that w(f) < am. Then, by
Theorem 8(v),

(51) |B| <m,
and so
(52) min{|[AUC)NX|[,|(AUC)NY|} > 3m; >m;.

Note that Theorem 8(i) implies that there are no blue arcs of C_jb(v)
between (AUC)NY and AN X, and thus, that there are no edges of G
joining these two sets. Since there are at most m? edges missing from G,
from (52) we get |ANX|<my. Similarly, |[ANY|<m;. Hence

AN (X UY)| < 2my

and
(53) (BUC)N (X UY)| > 2m+ 4m; .

Let Z=V\({v}UXUY). We shall show that the sets (AUC)N(XUY)
and ANZ fulfill the assumptions of Lemma 11 with colour red.
Note first that from (51) we get

(AUC)N (XUY)| =|X UY|—|B
(54) >m+6m; >m+3my + 1.

From Theorem 8(vi) we infer that
[B| +1Cl < (1 +a)m —a|B| < (1 + )m — [B,
s0, by (53),

CNZ|<|(BUC)NZ| =|BUC|-|(BUC)N (X UY)
(55) <(1+4a)m—|B|-2m—4m < (o — 1)m — |B|.

The sets B, CNZ, (AUC)N(XUY) and ANZ form a partition of V'\{v},
so from (51) and (55) we get

(AUC)N (X UY)|+|ANZ|>2+a)m+11lm; —1— (a—1)m
(56) > 3m + 10my;
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in particular,

(57) (AUC)N (X UY)|+|ANZ| > (1+a)m+6m; + 2.
Since | X UY|=2m+6m;, from (56) we get

(58) [ANZ|>m+4my >m+3m; +1.

Finally, observe that Gy (v) contains no arcs coming from (AUC)N(XUY)
to ANZ, and since all vertices of X UY are joined to v by blue edges of G,
by Theorem 8(i), no blue edge of G joins (AUC)N(XUY) and ANZ. Thus,
the assertion follows from Lemma 11, (54), (57) and (58). |

Lemma 13. Let veV, QCV be the set of all vertices of G joined to v by
blue edges, and R=V\ ({v}UQ). Furthermore, let A, B, C' be the partition
of Gyy(v) defined as in Theorem 8, f € Fumax(Gp(v)), and wiax =w(f) < am.
Then the following hold:

(i) BNR=0,

(i) all edges between the sets QNA, QNC and RN A, and all edges inside
QNA, are red,

(iii) [QNA|+|QNC|+|RNA|>2m+10m;.

Proof. The definition of Gy (v), B and R immediately gives (i), while The-
orem 8(i) implies (ii).

Now consider arcs e € supp(f) which have at least one end in (QNB)U
(RNC). Theorem 8(ii) states that for every b€ B we have wt (b, f) =1, so
e cannot end at QN B. Furthermore, from the definition of éb(v), no arc
which belongs to this digraph starts at R. Thus, by Theorem 8(iii), either e
starts at QN B, or ends at RNC, but not both. Hence, such an arc e either
adds f(e)/a to the value of w(QN B, f), or increases the value of w(RNC')
by f(e). Thus, by Theorem 8(ii) and (iv),

QN B|+|RNC| < al@NB|+|RNC|
(59) —aw(@QN B, f) +wRNC, f) < w(f) < am.

Now (iii) follows from (59) and the fact that, by (i), the sets QN A, QN B,
QNC, RNA and RNC form a partition of z€V'\ {v}. 1
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Lemma 14. Let €V be incident to at least am-+my edges of one colour,
say blue, and let () denote the set of all blue neighbours of v. Furthermore,
let A, B, C be the partition of V' \ {z} defined as in Theorem 8, and let

(60) QN (AUC)| > m +5m;.

Then, there exists v € V, ¢ € {r,b}, and a weight function f, € F(G.(v)),
such that w(f,)>am.

Proof. Let z and () be defined as in the assumption of the lemma, and let
R=V\({z}UQ). Assume that for all fe€F(Gy(x)) we have w(f)<am. We
consider the following two cases.

Case 1. |QNA|>m;.

Then, there exists a vertex z € QN A which is adjacent to all but fewer
than 2m; vertices of (QNA)U(QNC)U(RNA), since otherwise G would be
missing m? edges. Furthermore, by Lemma 13(ii), all edges between z and
the above set are red. Hence, from Lemma 13(iii), z has at least 2m+6m;
red neighbours in (QNA)U(QNC)J(RNA). Moreover, by (60), z is incident to
at least m+3m; vertices from (QNA)U(QNC). Finally, by Theorem 8(viii),

(61) Al > |V|—=1—(14+a)m >m+ 10my,
and so z has at least
m—+10my —2my >m+3m; +1

red neighbours in A.

Now move some vertices of QN A from the set X =(QNA)U(QNC) to
Y = RN A such that each of the resulting sets X', Y’ has at least m + 3m;
elements. Then the vertex z and the sets X', Y’, fulfill the assumption of
Lemma 12 (in red) and the assertion follows.

Case 2. |QNA|<m;.

Theorem 8(vi) gives

IRNC|=|C]—-1QNC|<(1+4+1/a)ym —(14+«a)|B]—|QNC|

<(1+a)ym—2|B|—|QnC].

Hence, using the fact that |Q|>am+m; and |Q N A|<m;, we infer that

IRNC|+|B|<(1+a)m—|B|—1QNC|
=(14+am—-|QNBUC)=10+a)m—|Q|+|QNA| <m.
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Since the sets B, RNC, QNA, QNC, RNA form a partition of the set V\{v},

QNA+1Q@NC|+ |RNA|l>(14 a)m+ 10m,

(62) > (14 a)m + 6my + 2.

Note now that [QN(AUC)|>m+3m;+1 by (60), and |A|>m+3m;+1 by
Theorem 8(viii) (cf. (61)). Thus, it is enough to adjust the sizes of the sets
QN(AUC) and RN A by moving some vertices from QN A to RNA in such
a way that the resulting sets have at least m + 3my + 1 vertices each, and
apply Lemma 11. ]

Lemma 15. If G contains a vertex incident to 2m+5m, edges of the same
colour, then for some vertex v € V, color ¢ € {r,b}, and weight function

fo€F(G.(v)) we have w(f,)>am.

Proof. Let x € X be a vertex with at least 2m + 5my edges of the same
colour, say blue, incident to it, and let @ denote the set of blue neighbours
of x. Let A, B and C be the partition of Gy(z) defined as in Theorem 8 and

f € Fmax(Gp(2)). Suppose that w(f) < am. Then, from Theorem 8, we have
|B| <m, and so

QNAUC)>[Q|-|@NB| = |Q[ —[B]>m+5m.

Thus the assertion follows from Lemma 14. |

Proof of Theorem 10. Let GG be a graph that fulfills the assumption of
the Theorem. Then one can find a vertex x € G which is incident to at least
(1+a/2)m+5m; edges of one of the colours, say, blue. Let () denote the set
of all blue neighbours of x and let R=V'\ ({z}UQ). Thus,

(63) Q] > (1 + «a/2)m + 5my .

Furthermore, let A, B and C be the partition of the vertex set of éb(w) as
defined in Theorem 8. As in the proof of Lemma 14 we consider the following
two cases.

Case 1. |QNA|>m;.

Lemma 13(iii) states that the three sets QNA, @QNC and RN A have at
least 2m+10m; vertices combined. Furthermore, since there are fewer than
m? edges missing from G, and |QNA|>m, there is a vertex z € QNA which
is adjacent to at least vertices 2m+m; from (QNA)U(QNC)U(RNA), and,
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by Lemma 13(ii), all edges joining z with this set are coloured red. Thus,

from Lemma 15, we deduce that there exist ve V, ce {r,b}, and f, € Go(v)
with w(f,)>am.

Case 2. |QNA|<m;.
Note first that (63) implies that

(64) QNB[+[QNCI=[Q| - |@NA[> (1 +a/2)m.

Furthermore, either there exists f € F(Gy(x)) with w(f) > am, or, from
Theorem 8(vi), we get

(65) 14+a0)QNB|+|QNC| < (1+1/a)m < (1 4+ am).

Hence, combining (64) and (65), we infer that |@Q N B| > m/2 and, conse-
quently,

QN (AUC) =1Q| - |1QNB| > (1+a/2)m + 5my —m/2 > m + 5my.

Thus, Lemma 14 ensures that for some v €V, c€ {r,b} and f, € G.(v) we

have w(f,)>am.

We have shown that for some colour ¢ € {r,b} and vertex v € V, for
each weight function f defined on G.(v) with the maximum weight we have
w(f) > am. In order to complete the proof of Theorem 10 it is enough to

observe that by Lemma 9 the function f € Fax(Ge(v)) can be chosen in
such a way that [supp(f)|<2|V|-2. 1

8. Proof of Theorem 3

In this section we use Theorem 10 to show Theorem 3. Thus, we shall show
that if we colour edges of the complete graph with two colours and apply
Szemerédi’s Regularity Lemma to one of the colours, then one can use The-
orem 10 to transform the partition obtained in this way into a non-balanced
partition which contains a tree-like regular structure in one of the colours.

Proof of Theorem 3. Assume first that o # 1, ie., 1 < a < 2. Let
0<e<1/100 and a two-colouring of the edges of K,, be given. Set e; =¢° /4
and let mg be such that the assertion of Theorem 10 holds. Apply the Regu-
larity Lemma (Lemma 2) with €; and sp=mg/€1 to find an (€1, s)-equitable
partition (Up,Us,...,Us) of the blue subgraph of K, with s> sg, where for
every 1=1,2,...,s,

(66) Uil =n> (1 —e€1)n/s.
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Consider an auxiliary graph G with vertex set V(G) ={1,2,...,s} such
that the pair {i,j}, 1 <i<j <s, is an edge of G if and only if the pair
(U;,U;) is e-regular in the blue graph (note that it is e;-regular in the red
graph as well). Moreover, colour blue an edge e={i,j} of G if the density
of (Uy,Uz) in the blue graph is at least 1/2; otherwise colour e red. Then,
the two-coloured G fulfills the assumptions of Theorem 10 for some m and
mq, where my <20eym. Thus, there exist a vertex ip € V(G), a colour, say,

blue, and a weight function f’ e F(Gy(ig)), such that

as

N> > (1 — 1000
w(f') = om > ( a5

and |supp(f)| <2s. Consider a new weight function f obtained from f’ by
setting f(e)=0 on each arc e with f’(e) <3¢2. Then,

as
24+«

w(f) > w(f') - 3¢} supp(f)] > (1 - 1000¢, — 18¢%)
as

(67) > (1— 1952)2+a.

Now, for every arc e=1ij € supp(f), choose subsets X¢CU; and Y°CU;

such that |X€| = L%ﬁj, |Y€| = | f(e)n]| and all subsets from the family
{X¢ Y¢:ecsupp(f)} are disjoint (the inequality (30) used in the definition
of a weight function guarantees that such a family exists). Finally, let Yy be
any subset of U;, of |a|e*n]]| elements.

Thus, we have constructed a family of sets { X¢,Y¢:e€supp(f)} such that
all sets are larger than €27, and for every e € supp(f) we have |a|X¢|—|Y¢|| <
2. Now, let 2= |€*7]. For every e € supp(f) find in X¢ a maximum family
of disjoint subsets X{,X§,..., X f(e) of n elements each, and, similarly, let
Y, Yy, Y, be a disjoint family of subsets of Y¢, each of |an| elements.

Note that after this operation not more than 2| X¢| of the elements of X¢,
and at most €2|Y¢| elements of Y, will not belong to one of the sets X,

X Xy YT Y5, Y Since |U;,| <e1n<e?n, from (66) and (67),

> > (XR+IYED

e€supp(f) 1<i<t(e)

1
> (1— 1962)2cfa Za(l - el)g — 2%
(1+a)n

> (1 — 25¢2) e
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Thus, the total number k of all pairs (X{,Y;¢), where e € supp(f) and i =
1,...,4(e), is bounded from below by

1+a)n . 1-25¢2n _ (1—¢/2)n
1— 2(7 1 — i
k> (1-25¢) 2+« /( o) 24« 7 24a)n ’
and so
. (1—¢€¢/2)n
2+a)k

Observe also that for each eesupp(f), k=1,2,...,4(e) we have X CU; and
V¢ CU; for some ej-regular pair (U;,U;), and | X§|,|Y,¢| > et /2. Thus, since
2¢1/e* > €/2, the pair (X§,Y¢) is (e/2)-regular. In particular, its density
cannot be smaller than 1/2 by more than, say, €, i.e., it must be larger than
say 2/5. The same holds for each pair (Y, X}), since Yy C U;, and each X
is contained in U; for some j such that (U;,U;) is €;-regular of density at
least 1/2 in blue. Hence, in particular, the assertion holds for a#1.

Now let a«=1. Apply the above argument for @ =1+¢/2 and replace each
set Y; obtained in this way by a subset Y, of Y; of size |Y/|=n=|X;|. Then,
for the number of pairs (X;,Y/), we get

(1—-¢/2)n (1—¢/2)n _ (1—¢€)n 1—e¢

771/: = > =

2+a)k  (3+¢€¢/2)n 3n 2y +a)n

Furthermore, each pair (X;,Y;) was (¢/2)-regular with density at least 2/5,
so each pair (X;,Y/) is e-regular with density at least 2/5—2e>1/3. 1
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